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Abstract 

This is a review of recent results on conformal (super)algebras. It may be viewed 
as an amplification of my Wigner medal acceptance speech (given in July 1996 in 
Goslar, Germany) reproduced in the introduction. 

Introduction. 

It is a well kept secret that the theory of Kac-Moody algebras has been a disaster. 

True, it is a generalization of a very important object, the simple finite-dimensional Lie 
algebras, but a generalization too straightforward to expect anything interesting from it. 
True, it is remarkable how far one can go with all these e/s, fa's and hiS. Practically all, 
even most difficult results of finite-dimensional theory, such as the theory of characters, 
Schubert calculus and cohomology theory, have been extended to the general set-up of 
Kac-Moody algebras. But the answer to the most important question is missing: what are 
these algebras good for? Even the most sophisticated results, like the connections to the 
theory of quivers, seem to be just scratching the surface. 

However, there are two notable exceptions. The best known one is, of course, the theory 
of affine Kac-Moody algebras. This part of the Kac-Moody theory has deeply penetrated 
many branches of mathematics and physics. The most important single reason for this 
success is undoubtedly the isomorphism of affine algebras and central extensions of loop 
algebras, often called current algebras. 

The second notable exception is provided by Borcherds' algebras which are roughly 
speaking the spaces of physical states of certain chiral algebras. 

At this point a natural question arises: what do these notable exceptions have in com- 
mon? The answer, in my opinion, lies in the idea of locality. 

The concept of locality is a beautiful synthesis of three ideas: 

1. Einstein's special relativity postulate, 

2. Heisenberg's uncertainty principle, 

3. the notion of quantum field. 
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As far as I know, the concept of locality was first rigorously formulated by Pauli and 
then incorporated by Wightman in his axiomatics of quantum field theory. 

The locality axiom states that quantum fields, whose supports are space-like separated, 
must commute. 

The locality axiom is empty for 1 -dimensional space-time, but becomes a very compli- 
cated condition for higher-dimensional space-times. However, in the 2-dimensional case 
the light cone is a union of two straight lines and one may consider chiral quantum fields, 
that is, fields depending on one null coordinate. 

For chiral fields the locality axiom reduces to a very simple algebraic condition. It just 
states that the commutator of chiral fields is a finite linear combination, with coefficients 
being chiral fields, of the delta-function and its derivatives. 

Coming back to our two notable exceptions, we see that both are spanned by Fourier 
coefficients of pairwise local chiral fields ! 

Now, if we look around, we will immediately find that all the important Lie algebras (or 
superalgebras) satisfy this locality property: the Virasoro algebra and its marvelous super 
generalizations, the W^-algebras, the Lie algebra Wi +OQ , etc., etc. 

This leads us to the program of study of Lie algebras and superalgebras satisfying the 
sole locality property. It is an extensive program, but I hope that its main features will be 
worked out by the year 2000. 

The basic message I wanted to convey by my speech is this. Some of the best ideas 
come to my field from the physicists. And on top of this they award me a medal. One 
couldn't hope for a better deal. 

Thank you. 

1 Preliminaries on Lie superalgebras of formal distributions and con- 
formal superalgebras. 

A formal distribution (usually called a field by physicists) with coefficients in a complex 
vector space U is a generating series of the form: 



where a^ n ) £ U and z is an indeterminate. 

Two formal distributions a(z) and b(z) with coefficients in a Lie superalgebra $j are 
called (mutually) local if for some JVgZ + one has: 




(z - w) N [a(z), b(w)] = for some N e 7L- 



(1) 



Introducing the formal delta-function 




we may write a condition equivalent to (1): 

JV-l 

[a(z), b(w)} = («(,")&) W&J(* ~ *>W (2) 

3=0 

for some formal distributions (a^b)(w) ( [1], Theorem 2.3), which are uniquely deter- 
mined by the formula 

(d(j)b) (w) = Res z (z — wy[a(z), b(w)] . (3) 

Formula (3) defines a C-bilinear product a^b for each j e Z + on the space of all formal 
distributions with coefficients in g. 

Note also that the space (over C) of all formal distributions with coefficients in g is a 
(left) module over C[<9], where the action of d = d z is defined in the obvious way, so that 
d z a(z) = J2 n ( da )(n) z ~ n ~ 1 > where (da)( n) = -na ( „_i). 

The Lie superalgebra g is called a Lie superalgebra of formal distributions if there 
exists a family F of pairwise local formal distributions whose coefficients span q. In such 
a case we say that the family F spans q. We will write (jj, F) to emphasize the dependence 
ofF. 

The simplest example of a Lie superalgebra of formal distributions is the current su- 
peralgebra associated to a Lie superalgebra g: 

g = C [M -1 ] ® fl- 
it is spanned by the following family of pairwise local formal distributions (o 6 g): 

a( z ) =J2(t n ®a) z- n -\ 

Indeed, it is immediate to check that 

[a(z), b(w)] = [a,b](w)S(z — w). 

The simplest example beyond current algebras is the (centerless) Virasoro algebra, the 
Lie algebra with the basis L n (n E Z) and commutation relations 

[L m , L n \ = (m — n)L m + n . 

It is spanned by the local formal distribution L(z) = Ylmez L n z~ n ~ 2 , since one has: 

[L(z), L(w)] = d w L(w)5(z - w) + 2L(w)d w 5(z - w) . (4) 

Note that C[d]F is a C[<9]-submodule of the space of formal distributions which still 
consists of pairwise local formal distributions. The Lie superalgebra g of formal distri- 
butions spanned by F is called simple if g contains no non-trivial ideals spanned by a 
subspace of C[d]F. 



The Virasoro algebra has no ideals at all, but the current algebra always has "evalua- 
tion" ideals. Nevertheless the current algebra g associated to Lie superalgebra g is simple 
in the above sense iff g is simple in the usual sense. 

Given a Lie superalgebra of formal distributions (g, F), we may always include F in 
the minimal family F c of pairwise local formal distributions which is closed under d and 
all products (3) ( [1], § 2.7). 

We say that a Lie superalgebra (g, F) of formal distribution is finite if F c is a finitely 
generated C [d] -module. 

The Virasoro algebra and the current (super)algebras associated to finite-dimensional 
Lie (super)algebras are finite. The finiteness condition provides the choice of the "non- 
twisted" moding, as the following example shows. 

Example 1.1 Let g be a finite-dimensional Lie algebra and let g = g° + g 1 be a Z/2Z- 
gradation. Then 

g : = C [t, r 1 ] <g> 0° + t*C [t, r 1 ] <g> g 1 

is a subalgebra of the Lie algebra C t%, ® g°. This is a "twisted" current algebra. It 
is spanned by the set F of pairwise local formal distributions 

a(z) = (*" ® a) z~ n ' x for a G g°, and a(z) = ® a ) z ~ n ~ l for a G 1 . 

However, [a(z), b(w)] = w[a, b] (w)S(z — w) if a, b £ g 1 . Hence g is not a finite Lie algebra 
of formal distributions, at least if g = [g,g], since F c contains all formal distributions 

w n a{w), n G Z + . 

Lie superalgebras of formal distributions can be studied via conformal superalgebras 
introduced in [1]. 

A conformal superalgebra R is a left (Z/2Z-graded) C [d] -module R with a C-bilinear 
product a( n )6 for each n G Z + such that the following axioms hold (a, b,ceR,m,n<E 
Z+): 

(CO) a (n) 6 = for n > 0, 
(CI) {da)(n)b = -na (n _i)&, 

(C2) o (B) 6 = (-1)*«M« E~o(-l) J ' +n+1 (^7iO&(n +j) a, 

(C3) a (m) (6 (B)C ) = Er=o (7) (m+ n-,) c + (-l) p(a)p( ^W (a ( m)c) • 

Of course, a conformal algebra coincides with its even part, i.e. p(a) = for all a G R 
in this case. Note the following consequence of (CI) and (C2): 

(CI') a (n )<% = d (a (n) fe) + ra (n _i)6. 



It follows that d is a derivation of all products (3). 

It is shown in [l],Sec.2.7 that if (g, F) is a Lie superalgebra of formal distributions, 
then F c is a conformal superalgebra with respect to these products. 

Conversely, if R = © ie /C[<9]a l is a free as C[<9]-module conformal superalgebra, we 
may associate to R a Lie superalgebra of formal distributions (g(R), F) with the basis 

(ieI,meZ) and F = {^(z) = E„ a („)^ _n_1 } f with the bracket (cf. (2)): 

[a\z), a?{w)\ = ( a U aj ) H9 k J(z - w)/k\ , (5) 

so that F c = R. 

It is well-known that a finitely generated C [d] -module R is a direct sum of r copies of 
C[d] and a d-dimensional (over C) C[<9] -invariant subspace. The number r is called the 
rank of R, and the pair of numbers (r, d) is called the size of R. A a factor module of i? by 
a non-zero submodule has smaller size (r', d!) in the sense that either r' < r or r' = r but 
d! < d. We shall say that R i% finite if both numbers r and d are finite (which is equivalent 
to R being a finitely generated C [d] -module). 

The center of R is the set of the elements a e R such that a^R = for all n G Z + 
(then, by (C2), -R(„)a = for all n e Z + as well). 

It is shown in [1], Proposition 2.7 that a finite (as a C [9] -module) conformal superalge- 
bra R with a trivial center is a free C [9] -module (cf. Lemma 2.1 in §2). Hence the above 
discussion implies the following proposition. 

Proposition 1.1 Every finite superalgebra of formal distributions (g, F) with trivial center 
is a quotient of a Lie superalgebra q(R), where R is a finite conformal superalgebra with 
trivial center, by an ideal that does not contain all a( n ), n G Z, for a non-zero element 
a G R. For such Lie superalgebras the C[d]-module F c is free. 

The simplest example of a finite conformal superalgebra is the current conformal su- 
peralgebra associated to a finite-dimensional Lie superalgebra q: 

R(~q) = C[d] ® c , 
which has size (dimjj, 0), with the products defined by: 

a(o)6 = [a, b] a(j)b = for j > , a, b G g , 

and the Virasoro conformal algebra Vir = C[d]L, which has size (1,0), with the products 
(cf.(4)): 

L(o)I/ = dL , L(i)L = 2L , L(j)L = for j > 1 . 

More complicated finite conformal superalgebras are constructed in §5. 

Probably the most important infinite conformal algebra is that associated to the Lie 
algebra V of differential operators on the circle. Note also that any vertex (=chiral) algebra 



[2] may be viewed as a conformal superalgebra if we forget about the products a( n )& for 
n < and let d = T, the infinitesimal translation operator (see [1], [2]), but this conformal 
superalgebra is always infinite. 

Proposition 1.1 reduces the study of finite superalgebras of formal distributions to that 
of finite conformal superalgebras. All notions concerning Lie superalgebras are automati- 
cally translated into the language of conformal superalgebras and vice versa. 

A subalgebra S (resp. ideal I) of a conformal superalgebra R is a C[<9]-submodule of 
R such that for a,b E S (resp. a E R,b E I) we have a^b E S (resp. E I) for all n E Z + . 
Note that the left (or right) ideal is automatically 2- sided due to (C2). The notions of a 
homomorphism and an isomorphism of conformal superalgebras are obvious. A conformal 
superalgebra R is called simple if its only ideals are and R and not all of the products are 
trivial. 

A Lie superalgebra of formal distributions (g, F) with a closed under all products (3) 
family F is simple iff the associated conformal superalgebra F c is simple. For example, 
Vir is a simple conformal algebra and the current algebra R(g) is a simple conformal 
superalgebra. iff g is a simple Lie superalgebra. 

The derived algebra R' of a conformal superalgebra R is defined as the span over C of 
all elements a^b, where a,b E R, j E Z+. It is easy to see that this is an ideal of R such 
Rj R' is a commutative conformal superalgebra (i.e. all products of R/R' are zero). One 

defines R" = (R')', etc, obtaining a descending sequence of ideals it! D R! D R" D 

The conformal superalgebra R is called solvable if n-th member of this sequence is zero 
for some n > 0. The conformal superalgebra R is called semisimple if its only solvable 
ideal is zero. 

Define by induction another descending sequence of ideals R D R 1 D R 2 D . . . by 
letting R 1 = R', . . . , R n = span over C of all products au\b where a E R, b E RJ 1 ' 1 , 
j E Z + . The conformal superalgebra R is called nilpotent if n-th member of this sequence 
is zero for some n > 0. 

2 Preliminaries on conformal modules. 

Let (g, F) be a Lie superalgebra of formal distributions, and let V be a g-module. We say 
that a formal distribution a{z) E F and a formal distribution v(z) = J2n& v (n)Z" n ^ 1 with 
coefficients in V are local if 



(z — w) a(z)v(w) = for some N E Z + 
In the same way as in [1], §2.3, one shows that (6) is equivalent to 



(6) 



7V-1 




(7) 



3=0 



for some formal distributions (a^v)(w) with coefficients in V, which are uniquely deter- 
mined by the formula 

(ci(j)V )(w) = Res z (z — w) ] a(z)v{w) . (8) 



Example 2.1 Consider the following representation of the (centerless) Virasoro algebra in 
the vector space V with the basis V( n ), n G Z, over C: 



where A, a G C. In terms of formal distributions L(z) and v(z) = Ylm v {n) z n 1 tms can 
be written as follows: 



Hence L(z) and v(z) are local. 

Suppose that V is spanned over C by coefficients of a family E of formal distributions 
such that all a(z) G F are local with all v(z) G i?. Then we call (V, E) a conformal module 
over (g, F). 

The following is a representation-theoretic analogue (and a generalization) of Dong's 
lemma (see [1], §3.2). 

Lemma 2.1 Let V be a module over a Lie superalgebra g, let a(z) and b(z) (resp. v(z) ) be 
formal distributions with coefficients in g ( resp. V ). Suppose that all the pairs (a, b) ,(a,v) 
and (b, v) are local. Then the pairs (d(j)b, v) and (a, b(j)v) are local for all j G Z + . 

Proof. We may assume that all three pairs satisfy respectively (1) and (6) for some 
N G Z+. Then we have: 



(z-wf N (a {j) b)(z)v(w) 

2N /2AA 

= (z - wf Res u Y,( ■ ){z-uy{u-w) 2N - l {u-zy[a{u),b{z)]v{w). 



The summation over % in the right-hand side from to IN may be replaced by that from 
to iV since a(u) and b(z) are mutually local. Hence it can be written as follows: 

(z — w) N Res u (-u — w) N P(z, u, w)(u — z) j (a(u)b(z)v(w) — b(z)a(u)v(w)) 

for some polynomial P. But this is zero since both pairs (6, v) and (a, v) are local, which 
proves that the pair (b^a, v) is local. 

Next, using the first part of lemma, we may find iV for which all pairs (a^b, v) and 
(a, v) satisfy (6). Then we have: 

a{z)(b(j)v){w) = Res u a(z)b(u)v (w)(u — wy 



L m V( n ) = ((A - l)(m + 1) - n) v {m+n) + av {m+n+1) , 



L(z)v(w) = (d + a)v(w)5(z — w) + Av(w)S' w (z — w) . 



(9) 





Hence (z — w) N a(z)(b(j)v)(w) = 0. □ 
This lemma shows that the family £ of a conformal module (V, E) over (g, F) can 

always be included in a larger family E c which is local with respect to F c and such that 

dE c C E c and a (j) E c C E c for all a G F and j G Z+. 

It is straightforward to check the following properties for a,b G F and v G E c : 

m , n 

[a(m),6(n)]« = J] (7) ( a tf) 6 )(m+n- i) U ' (10) 

(9a)(„)U = [9, a (n )] u = -raa (n _i)U. (11) 

(Here [ , ] is the bracket of operators on _E C .) It follows from (10) (by induction on m) and 
(11), that a (j) E c C £ c for all a £ F c and j G Z + . 

Thus, any conformal module (V, E) over a Lie superalgebra of formal distributions 
(g, F) gives rise to a module M = E c over the conformal algebra R = F c , defined as 
follows. It is a (left) Z/2Z- graded C[<9]-module with C-linear maps a i — ► aM-. of i? to 
EndcM given for each n G Z + such that the following properties hold (cf. (10) and (11)) 
for a,b G R, m, n G Z + : 



(MO) ag } w = for v G M and n > 0, 

,Cl=E™o (?) («(,-)&) 



(Ml) 



a (m)'» 



M 

(m+n-j)' 



(M2) 



a ' "(n) 



M 

~ na (Liy 



Conversely, suppose that a conformal superalgebra R is a free C [9] -module and con- 
sider the associated Lie superalgebra of formal distributions (q(R), F) (see §1). Let M be 
a module over the conformal superalgebra R and suppose that M is a free C [d] -module 
with basis {v a } a &j- This gives rise to a conformal g(i?)-module V(M) with basis v" n y 
where a G J, n G Z, defined by (cf. (7)): 

a a ( Z y( W ) = H) vP ) ( w W( z - w )/j ] - d2) 

Remark 2.1 Given a module M over a conformal superalgebra R, we may change its 
structure as a C[d] -module replacing dby d + A where A is an endomorphism over C of 
M which commutes with all a¥-, (this will not affect axiom (M2)). Sometimes we shall 
not distinguish these i?-modules. For example, we may put a = in (9). 

A conformal module (V, E) (resp. module M) over a Lie superalgebra of formal dis- 
tributions (g, F) (resp. over a conformal superalgebra R) is called finite if E° (resp. M) is 
a finite C [9] -module. 

Note that the maps aan a(„) of i? to EndcR define a i?-module, called the adjoint 
module. (It is finite iff R is finite). 

The following lemma generalizes Proposition 2.7 from [1]. 



Lemma 2.2 Let M be a R-module. 

a) If dv = Xvfor some A G C and v G M, then R^yV = Ofor all n G Z + . 

b) If M is a finite module which has no non-zero invariants, i.e. vectors v such that 
R(n) v = 0/or all n G Z+, then it is a free C[d]-module. 

Proof. Let a G R and take the minimal m such that a^)V = for j ^ m. We have: 

= (d — A) (a( m )i>) = [<9 — A, a( m )] f + a( m )(9 — A)i> = — ma( m _i)i>. This shows that 
m = 0, proving (a). 

Since (a) says that a .R-module M with only zero invariants has no torsion, (b) follows 
from (a). □ 

The correspondence between finite conformal modules with no non-trivial invariants 
over a finite Lie superalgebra of formal distributions (g, F) with a trivial center and finite 
conformal modules with no non-trivial invariants over the conformal superalgebra F c is 
described in a fashion similar to Proposition 1.1. 

Note that Example 2.1 gives a 2-parameter family of (irreducible) modules of size (1,0) 
over the Virasoro conformal algebra. Note also that the well-known family of graded Vir- 
modules given by 

L m V(n) = ((A - l)m -n + a)v (m+n) 

is conformal, but is finite iff a = A — 1. 

The following simple observation is fundamental for representation theory of confor- 
mal superalgebras. 

Proposition 2.1 Consider the Lie superalgebra of formal distributions {g{R), F) defined 
by (5) and let g(R)+ be the subalgebra of g(R) spanned by all with i G /, n G Z + . 
Denote by g(R) + the semidirect product of the 1-dimensional Lie algebra Cd and ideal 
g(R)+ with the action of d on g(R)+ given by d(a^) = —na^^y Then any module M 
over the conformal superalgebra R gives rise to a g(R) + -module M (over C) such that 

a\ n) v = 0forv G M andn^> . (13) 

Corollary 2.1 Let R = © aG /C[(9]a a be a conformal superalgebra and M = © / 3 £ jC[9]i' /3 
be a free C[d]-module. Then, given a? n \V^ G M for all a G /, (3 G J, n G Z + , which is 
Ofor n ^> 0, we may extend uniquely the action ofaf^ to the whole R on M using (M2). 

Suppose that (Ml ) holds for all a = o^ m y b = a^ n y Then M is a R-module. 

Using Proposition 2.1 and Corollary 2.1, one can construct large families of finite mod- 
ules over conformal superalgebras. 

Example 2.2 Let Vir^ = J2j>o an( ^ consider a representation n of Vir^ in a finite- 
dimensional (over C) vector space U. Let A be an endomorphism of U commuting with all 



7r(Lj) (j G Z + ). Then C[<9] ® [/ is a finite module over the conformal algebra Vir defined 
by the following formulas (u G £/): 

L(o) w = (<9 + A)w , I/(j)U = 7r(Lj_i)u for j ^ 1 . 

For example, we can take ir(L ) = B, where B is an endomorphism of U commuting with 
A. Then 

I/(o) w = (<9 + A)w , = -Bit , L(j)U = , for j > 1 , 

defines a finite module over Vir, which we denote by M(A, B). Taking dim U = 1, A = a 
and B = A gives Example 2.1. 

3 Structure theory of finite conformal algebras. 

Results stated in this section is a joint work [3] with my student, Allessandro 
D'Andrea. The reader is referred to [3] for details. 

Theorem 3.1 (conformal Engel theorem) Let M be a finite module over a finite conformal 
( super )algebra R such that is a nilpotent operator for all a G R and n G Z + . Then 
there exists a non-zero vector v G M such that 

af n) v = for alia G R, n G Z+ . (14) 

Corollary 3.1 A finite conformal (super )algebra R is nilpotent iff a( n ) is a nilpotent oper- 
ator (on R)for all a G R and n G Z + . 

Theorem 3.2 (conformal Lie theorem) Let M be a finite module over a finite solvable 
conformal algebra R. Then there exists a non-zero vector v G M such that 

a (n) v = n ) v 5 where X(a, n) G C , for all a G R, n G Z + . (15) 

Corollary 3.2 The derived algebra of a finite solvable conformal algebra is nilpotent. 

Theorem 3.3 A simple finite conformal algebra is isomorphic either to a current confor- 
mal algebra R(q), where $j is a simple finite-dimensional Lie algebra, or to the Virasoro 
conformal algebra Vir. 

It is not quite true that a semisimple finite conformal algebra is a direct sum of simple 
ones. For example, if g is a semisimple finite-dimensional Lie algebra, the semi-direct sum 
R = Vir +R(q) is semisimple, where the products are given by: 

I/(o) a = da if a G R; L^L = 2L; L^a = a if a G g; 
(2(0)5 = [a, b] ; all other products (up to the order) on L + q are 0. 



Theorem 3.4 A semi-simple finite conformal algebra is isomorphic to the direct sum of 
conformal algebras of three types: 

a) current conformal algebra R(q), where g is simple, 

b) conformal algebra Vir, 

c) conformal algebra Vir +R(q), where g is semisimple. 

Theorem 3.5 A finite conformal algebra R admits a faithful finite irreducible module iff 
R is of one of the following types: 

a) current conformal algebra R(q), where g is semisimple, 

b) current conformal algebra R(q), where g is semisimple or zero plus 1-dimensional, 

c) conformal algebra Vir +R(g), where g is semisimple or zero, 

d) conformal algebra Vir +R(g), where g is semisimple or zero plus 1-dimensional, 

e) one of a) or c) plus 1-dimensional (over C) conformal algebra. 

4 Finite modules over semisimple finite conformal algebras. 

Results of this section is a joint work [4] with Sun- Jen Cheng. 
The following is a key lemma. 

Lemma 4.1 Let £ be a Lie superalgebra (over C) with a distinguished element d and a 
descending sequence of subspaces C D Co D C± D . . . such that [d,C n ] = £ n -\for all 
n > 0. Let V be a C-module and let 

V n = {v e V | C n v = 0}, n e Z+ . 

Suppose that V n ^ Oforn ^> 0. Suppose that the minimal N e Z + for which Vn ^ 
is positive. Let t>i,t>2, • • • be a linearly independent over C set of vectors ofVN which 
generate C[8]Vn as a C[d]-module. Then vi, v 2 , ■ ■ ■ is a basis (over C) o/Vjv and a free 
set of generators of the C[d]-module C[<9]V)v. In particular, Vn is finite-dimensional over 
C if Vis a finitely generated C[d]-module. 

It is clear from the very definition that the Lie superalgebra C = g(R) + and any fi- 
nite conformal module V over R viewed as an £-module (see Proposition 1.1) satisfy the 
conditions of Lemma 4. 1 . 

Theorem 4.1 Any irreducible finite Vii-module is either 1-dimensional over C, or else is 
a free of rank 1 C[d]-module C[d]v defined by (cf. Example 2.1): 

L {0) v = (d + a)v , L (1) v = Av, L {j) v = Ofor j > 1 

for some a, A e C, A ^ 0. 



Let g be a semisimple finite-dimensional Lie algebra and let R(g) be the associated 
current conformal algebra. 

Theorem 4.2 Any irreducible finite R(q) -module is either 1 -dimensional over C, or else 
is of the form C[d] ®c U, where U is a non-trivial irreducible finite-dimensional g-module, 
with the action ofR(g) defined by: 

a(j)U = Oforj > , a(o) w = au , if a G Q , u G U. 

Theorem 4.3 Any irreducible finite Vir +R(g) -module is either the trivial 1-dimensional 
over C, or else is of the form C[d] Cg>c U, where U is a non-trivial irreducible finite- 
dimensional g-module, with the action of Vir +R(g) defined by: 

a^)U = Sjoau if a G , u G U , j G Z + , 

I/(o) w = du , L(j)U = 5ijAu ifu G U , j ^ 1 , where A G C. 

Thus, we see that the classification of irreducible finite modules over semi-simple con- 
formal algebras is similar to that of semi-simple Lie algebra, a small difference being 
caused by the Virasoro conformal algebra. 

There is, however, an essentially new feature: complete reducibility breaks down in a 
very dramatic way. For example, the module M{A,B) over Vir constructed in Example 2.2 
is indecomposable iff the pair of commuting operators (A, B) is indecomposable. Similar 
examples may be constructed for current conformal algebras as well. 

We describe below all the extensions between an irreducible Vir-module M(a, A), 
a, A G C, A ^ 0, and the trivial Vir-module C. 

Theorem 4.4 (a) A non-split extension ofVir-modules of the form 

— ► M(a, A) — > V — > C — > 

exists iffA = l which is 

— ► M(a, 1) — ► M(a, 0) — > C — > . 

(b) A non-split extension ofVir-modules of the form 

— > C — > V — ► M(a, A) — > 

exists iff A = 1 or 2. 7n fwo ca^e* F = C[d]v + C, where C w trivial submodule, 
with the action on v: 

L(p)V = (d + a)v , L(i)i> = Aw , L^v = 5 jA+1 l G C/or j > 1 . 

(c) [18] A non-split extension ofVir-modules of the form 

— ► M(a, A) — > V — > M((3, A') — > 

may exist only when a = /3andA' — A = 0,1,2,3,4,5,6. They can be explicitly described 
using the results of [5]. 



Denote by M (A) the R(g) -module C[d] <S> F(X), where F(X) is the finite-dimensional 
irreducible highest weight module over the simple Lie algebra q (see Theorem 4.2). 

Theorem 4.5 The only non-split extension between 1-dimensional R(g)-module and a 
module M(X) is of the form: 

— > C — > V — ► M{9) — ► 0, 

where 6 is the highest root (so that F 9 = q). In this case V = C[d] <S> + C, where C is a 
submodule, with the action on g: 

a(o)6 = [a, b] , a (j )6 = 5 Xj (a \ b) e Cforj > 1 , 

where (.|.) is the Killing form on g. 

5 Classification of simple finite conformal superalgebras. 

The list of all finite conformal superalgebras is much richer than that of finite conformal 
algebras. First, there are many more simple finite-dimensional Lie superalgebras (classified 
in [6]), and the associated conformal superalgebra is finite and simple. Second, there are 
many "superizations" of the Virasoro conformal algebra. We describe them below. They 
are associated to superconformal algebras constructed in [6], [7] and [8] (cf. [9]). 

Let A (AT) denote the Grassmann algebra over C in A^ indeterminates £i, . . . , £jv- Let 
W(N) be the Lie superalgebra of all derivations of superalgebra A(AT). It consists of all 
linear differential operators J2f=i PA-* where Pj e A(AT) and <9j stands for the partial 
derivative by £j. 

The first series of examples is the series conformal superalgebras Wn of rank (N + 

1)2*: 

W N = C[d] ® c (W(N) © A(AT)) 

with the following products (a, b G W(N), f,ge A(AT)): 

a {j) b = 5 j0 [a, b] , a (0) f = a(f) , a {j) f = -5 3l (-l)*^/a if J ^ 1, 
f(o)9 = -d(fg) , fog = -26 n fg if j ^ 1 . 

For an element D = J2iLi Pi(9,0^i + e define divergence by the formula 

div/J = ^(-l^Qji* + 9/ . 

i=i 

The second series of examples is 

S N = {D e W N | divD = 0}. 



This is a conformal superalgebra of rank N2 N , and it is simple iff iV ^ 2. 

The third series of examples is K N . It is also a subalgebra of Wn (of rank 2^), but it is 
more convenient to describe it as follows: 



We assume here that / and g are homogeneous elements of degrees |/| and \g\ in the 
gradation defined by deg & = 1 for all i. 

These three series include all well-known examples. Thus, Wq ±2 K is the Virasoro 
conformal algebra, K\ is the Neveu-Schwarz conformal superalgebra, K 2 ^ W\ and K 3 
axe the N = 2 and 3 conformal superalgebras, S 2 is the N = 4 conformal superalgebra. 
Nevertheless there is one exceptional example constructed in [8]. It is the subalgebra CK e 
of rank 32 in the conformal superalgebra K Q spanned over C[d] by the following elements: 



Remark 5.1 Let g[ = g(CK 6 ) (resp. q = g(K 6 )) be the Lie superalgebra associated 
to the conformal superalgebra CK e (resp. K e ) and let q' + (resp. g + ) be its subalgebra 
spanned by all non-negative modes of all formal distributions of CK 6 (resp. K 6 ). The 
Lie superalgebra g + has a Z-gradation of the form © J ^_ 2 J with $j_ 2 = C, 0_i = C 6 , 
So = soq © C, 0i = /\ 3 C 6 © C 6 [6]. The reason for occurrence of CK e lies in the fact that 
the so 6 -module A 3 C 6 ^ V © V* is reducible, where V is a 10-dimensional so 6 -module. 
The subspace g_i © g © + C 6 ) generates the simple Z-graded superalgebra q' + , which 
should be added to the list of Theorem 10 from [6]. 

Theorem 5.1 Any simple finite conformal superalgebra is isomorphic either to the cur- 
rent conformal superalgebra associated to a simple finite-dimensional Lie superalgebra 
(classified in [6]), or to one of the following conformal superalgebras (N e Z + ); 



K N = C[d] © c A (AO 



with the following products (/, g e A(N)): 




Here a 2 = -1, v = • • • 6> (Cn^ 2 ■■■ )* = d h d i2 .. . v. 



W N , S N+2 , K N , CK G . 



The proof of this theorem is pretty long [10]. It follows the same strategy as [6], the 
first step have been worked out in [9]. 



6 Work in progress. 
6.1 Cohomology [11] 

In representation theory and conformal field theory it is important to consider central ex- 
tensions of Lie (super)algebras of formal distributions. In the language of a conformal 
(super)algebra R it amounts to considering a conformal superalgebra 

R = R®CC with p(C) = , dC = , C (n) R = for n e Z + . 
The n-th product a^b on R C -R is given by 

a(ft)6 = a (n) 6 + a n (a, 6)C . 

It is straightforward to see that R is a conformal superalgebra iff the sequence {a n } ne z + 
is a 2-cocycle on i? defined as follows. It is a sequence of C-valued C-bilinear forms 

a n (n E Z + ) on i? x R such that (a, b,ceR,m,nE Z+): 

a n (da,b) = -na„_i(a,6) , 
a n (a,6) = (-l)" +1+ ^)a„(6,a), 

a m (M(n)c) = ( ■ ( a 0) & > c ) + (-l) p(a)p(6) «n (fe,a (m) c) . 

As usual, the trivial cocycle a n (a, 6) = / (a^b), where / : R — > C is a C-linear 
map, defines a trivial central extension of g (isomorphic to the direct sum of q and C). 
Two cocycles that differ by a trivial cocycle are called equivalent; they define isomorphic 
central extensions. 

Starting with this observation, Alexander Voronov and I developed in [11] a coho- 
mology theory of conformal algebras. This cohomology H*(R,M) is defined for any 
i?-module M in a way similar to the Lie algebra cohomology. The central extensions of R 
are parameterized by H 2 (R, C). 

Examples. 

a) dim c H 2 (R(g), C) = 1 if g is a simple finite-dimensional Lie algebra. The non- 
trivial 2-cocycle is given by 

a n (a, b) = 5„,i(a | b) for a, b e Q . 

b) [7], [8]. Let R be one of the simple conformal superalgebras Wn, Sn, K~n, CK 6 . 
Then dim c H 2 (R : C) = or 1 and the latter case takes place iff R = Wn with 
N ^2, S 2 , and K N with N ^ A. 

c) [11] dim c H n (Vir, C) = 1 if n = 0, 2 or 3, and = otherwise. This example is 
intimately related to the Gelfand-Fuchs cohomology [5]. 



6.2 Modules over finite simple conformal superalgebras [12] 

Combining methods described in §4 with the ones of [13] Alexey Rudakov and I were able 
to classify and construct all finite irreducible modules over all finite simple conformal su- 
peralgebras. For current conformal superalgebras and for K 1 (Neveu-Schwarz) it was done 
already in [4], and the answer is similar to Theorem 4.1 and 4.2 respectively. However, in 
all other cases some interesting new effects occur. 

6.3 Finite modules over infinite conformal algebras [15] 

The next after finite conformal (super)algebras is the class of conformal algebras R that 
admit a faithful finite module M. Suppose for simplicity that M is a free module of rank 
TV over C[<9]. It turns out that R is then a subalgebra of the "general" conformal algebra 
gcN of all "conformal" endomorphisms of M. A conformal endomorphism A of M is 
a sequence of endomorphisms A( n ) of M over C for each n G Z + such that A( n )V = 
for n ^> and Ai n )dv = dAi n )V + nAt n _i\v,v G M. All conformal endomorphisms 
of M form an infinite conformal algebra, denoted by gc N , with C[<9]-module structure 
(dA)^ = -nA( n _!) and the following products for each m G Z + : 



M being its finite irreducible module. This conformal algebra is simple, but infinite. 

It is easy to see that gc N is the conformal algebra associated to the Lie algebra of N x N 
matrix differential operators on the circle. Using the methods of [14], we show in [15] that 
a kind of an analogue of the Burnside theorem holds: qcn has a unique non-trivial finite 
irreducible module (up to going to the contragredient module) and any finite module is a 
direct sum of irreducible modules. 

It is a challenging problem to classify all (infinite) simple conformal algebras that have 
a finite module. As we have seen, all of them are subalgebras of gc N , some N. Incidentally, 
it follows that they have finite growth, and it is natural to state a more general problem: 
classify all simple conformal algebras of finite growth. 

Note that vertex algebras viewed as conformal algebras have an exponential growth. 

6.4 g-analogues [16] 

One can develop a parallel theory of g-analogues of conformal algebras. They include the 
"twisted" current conformal algebras. The general g-conformal algebra is that associated 
with the sin algebra [17]. 

We hope that this will lead eventually to g-analogues of vertex algebras. 




TO 



3=0 



References 

[1] V.G. Kac, Vertex algebras for beginners, University lecture series, vol. 10, AMS, 
Providence RI, 1996. 

[2] R. Borcherds, "Vertex algebras, Kac-Moody algebras, and the Monster", Proc. Natl. 
Acad. Sci. USA 83, 3068-3071 (1986). 

[3] A. D'Andrea and V.G. Kac, Structure theory of finite conformal algebras, preprint. 

[4] S.-J. Cheng and V.G. Kac, Conformal modules, Asian J.ofMath. 1, 181-193 (1997). 

[5] D.B. Fuchs, Cohomology of infinite dimensional Lie algebras, Consultants Bureau, 
New York and London, 1986. 

[6] V.G. Kac, "Lie superalgebras", Adv. Math. 26, 8-96 (1977). 

[7] V.G. Kac and J.W. van de Leur, "On classification of superconformal algebras", in 
Strings 88 (Eds. S.J.Gates et al.), p. 77-106, World Sci, 1989. 

[8] S.-J. Cheng and V.G. Kac, "A new N = 6 superconformal algebra", Commun. Math. 
Phys. 186,219-231 (1997). 

[9] V.G. Kac, "Superconformal algebras and transitive group actions on quadrics", Com- 
mun. Math. Phys. 186, 233-252 (1997). 

[10] V.G. Kac, Classification of simple finite conformal superalgebras, in preparation. 

[11] V.G. Kac, B. Bakalov and A. A. Voronov, Cohomology of conformal algebras, in 
preparation. 

[12] V.G. Kac and A.N. Rudakov, Representations of simple finite conformal superalge- 
bras, in preparation. 

[13] A.N. Rudakov, "Irreducible representations of infinite-dimensional Lie algebras of 
Cartan type", Math. USSR—hvestija 8, 836-866 (1974). 

[14] V.G. Kac and A.O. Radul, "Quasifinite highest weight modules over the Lie algebra 
of differential operators on the circle", Comm. Math. Phys. 157, 429-457 (1993). 

[15] V.G. Kac, A.O. Radul and M. Wakimoto, Finite modules over infinite conformal al- 
gebras, in preparation. 

[16] M.I. Golenishcheva-Kutuzova and V.G. Kac, Gamma-conformal algebras, preprint. 

[17] M.I. Golenishcheva-Kutuzova and D. Lebedev, "Vertex operator representation of 
some quantum tori Lie algebras", Comm. Math. Phys. 148, 403-416 (1992). 

[18] S.-J. Cheng, V.G. Kac and M.Wakimoto, Extensions of conformal modules, preprint. 



